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Two different metrics quantifying model and simulator predictive capability are formulated and evaluated; both

metrics exploit results from conducted validation experiments where simulation results are compared to the

corresponding measured quantities. The first metric is inspired by the modified nearest neighbor coverage metric

and the second by the Kullback–Liebler divergence. The two different metrics are implemented in Python and in a

here-developed general metamodel designed to be applicable for most physics-based simulation models. These two

implementations together facilitate both offline and online metric evaluation. Additionally, a connection between the

two, here separated, concepts of predictive capability and credibility is established and realized in themetamodel. The

two implementations are, finally, evaluated in an aeronautical domain context.

Nomenclature

CPC = coverage-based predictive capability
dE;i�x� = distance between the coordinates xk of the conducted

validation experiments that are closest to some oper-
ating conditions x

dZE;i�x� = smallest distance between the domain of validation
and some operating conditions x

E = total error
E = matrix containing all observed relative errors
EPC = entropy-based predictive capability
g = total number of grid points in operational domain
Hrel = Kullback–Liebler divergence
K = total number of validation experiments
k = index of the kth validation experiment
N = total number of quantities of interest
n = index of the nth quantity of interest
p = posteriori probability density function
q = a priori probability density function
T = response of true system
uval = validation uncertainty
VE = random variable estimating the solution error
xk = point in operational domain where validation experi-

ment k is conducted
Ym = matrix containing all domain of validation experi-

mental results
Ŷ = matrix containing all simulated responses corre-

sponding to the operating conditions of Ym

ym = experimental result
ŷ = simulated response
β = extrapolation penalty activation function

δD = measurement error
δmodel = solution error
ηc = modified nearest neighbor coverage metric
ηc;V = system-level validation metric accounting for cover-

age
μ = expected value
σ = standard deviation

I. Introduction

B EHAVIORAL simulation models are used widely for aircraft
system and subsystem development at Saab Aeronautics. Mod-

els of the subsystem hardware and software are connected to one
another in various simulators; these simulators are exploited for
software and hardware development, system and requirements veri-
fication, training, etc. The assessment and communication of model
and simulator predictive capability and credibility is, as a result,
necessary to justify the design decisions that are based on the simu-
lation results of the aforementioned simulators and models.
Within the context of model-based system engineering (MBSE),

Wallén Axehill and Herzog highlight that models are typically used
extensively in modern development of complex systems; however,
formal product documentation, including documents related to dig-
ital products such as models and simulators, is still commonly
expressed in the traditional document paradigm [1]. That being said,
a methodology shift enabling online, model-centric, simulator cred-
ibility assessment was initiated at Saab in 2016 [2]. Traditional,
generally document-centric, approaches to model and simulator
credibility assessment were suggested to be complemented with a
model-based solution. The simulator development process deployed
at Saab Aeronautics [3] specifies mandatory documents describing
the constituent simulation models credibility. Eek et al. suggested
that subsystem models were to be equipped with system-specific
executable metamodels containing a subset of the mandatory infor-
mation on model credibility, thus reducing the required documenta-
tion. This information typically originates in the verification and
validation (V&V) and uncertainty quantification (UQ) activities
conducted at the model and lower levels of abstraction. The shift
was identified to bring the question of modeling and simulation
(M&S) credibility to the end-users’ attention, encouraging users to
reflect upon, e.g., the applicability and limitations of the simulator
constituent models used during testing. Additionally, the approach
was found to simplify the communication of overall credibility,
enhancing the dialog between end-users and developers. Manual
aggregation of textual information in documents is challenging,
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and the enabled tool support was stipulated to result in a reduction of
time-consuming and irrelevant test.
Balci partition a total of 77 different common techniques for vali-

dation into four different categories: informal, static, dynamic, and
formal [4]. Informal techniques include reviews and documentation,
whereas static techniques focus on investigating the M&S application
characteristics that can be deduced without executing the application.
In contrast, techniques of the dynamic category rely on M&S charac-
teristics deduced during application execution. Finally, formal tech-
niques rely on mathematical evidence of the M&S application
representativeness. The describedmetamodels contribute todescribing
the subsystem model credibility by means of dynamic measures of
credibility at both the model and signal levels. In addition, inspired by
[5–7], a set of static measures was proposed in [2].
Once the selected dynamic and static measures of credibility have

been integrated in the system-specific metamodels, the simulator’s
overall credibility is assessed by means of aggregating the static and
dynamic credibility information of each included subsystem model.
The research presented in this paper aims to improve on the adopted
dynamic measures of credibility by means of reducing the amount of
needed subjective input and by means of facilitating automation and
independence.
Bair and Tolk [8] highlight that much of the technology, presented

in literature, for validation purposes is tailored to specific case studies
or modeling domains. Such technology requires tailoring efforts
particularly concerning the processes of maintenance and dissemi-
nation. This introduces significant challenges in terms of, e.g., wide-
spread adoption of the assessment technology. A particular focus is
therefore placed on developing general technology with the long-
term ambition of contributing to the development and exploitation of
frameworks for automated model validation, such as the framework
outlined by Hällqvist et al. in [9,10].

A. Contributions

Here, an approach objectively exploiting V&V results for both on-
and offline credibility assessment is proposed. A general dimension
metamodel is developed, verified, and presented along with two
different metrics that, in the end, could serve as a foundation when
quantifying model and simulator credibility.
Inspired by the work related to coverage by Hemez et al. [11] and

Atamturktur et al. [12], the first of the two metrics is developed. The
second proposed metric is founded on the concepts of information
entropy, initially proposed by Claude Shannon in [13], and Kullback–
Liebler divergence [14]. Both proposed metrics provide a general and
objective connection between conducted validation activities and the
exploited methodology for online model and simulator credibility
assessment.
The metamodel is presented along with the cornerstones of its

foundingModelica library. The paper includes sufficient information
for readers to implement their own library and metamodel in Mod-
elica [15] or in other suitable languages. Furthermore, themetamodel
portability is demonstrated through the incorporation of the two open
standards functional mock-up interface (FMI) [16] and system struc-
ture and parameterization (SSP) [17].

B. Outline

This paper is structured as follows. The relevant theory is first
introduced in Sec. II. The standards exploited to achieve the desired
generality are then overviewed in Sec. III. The theory is connected to
the targeted application in Sec. IV, where the development of the
proposed metrics is described along with the evaluation application
example. The metamodel, as well as its founding developed Mod-
elica library, is presented in Sec. V. The evaluation results are
presented in Sec. VI. Finally, the results are discussed, and conclu-
sions are drawn in Secs. VII and VIII, respectively.

II. Theoretical Background

The theory relevant for the work presented here is summarized in
this section.

A. Predictive Capability and Credibility Assessment

As stated by Oberkampf and Roy [18], “V&V are contributing
elements in the development of a computational predictive capabil-
ity,” where prediction is the interpolation or extrapolation in unex-
plored regions of the model operational domain (OD). A model’s
predictive capability is similarly defined by Beisbart et al. as “the
ability of the mathematical model to foretell the response of a
system” [19].
Credibility and predictive capability are closely related concepts.

Here, predictive capability is viewed as an application-agnostic
measure of how accurately any model or simulator can predict the
behavior of a corresponding true system in not-yet-explored regions
of a model’s OD. Application agnostic translates to the fact that the
predictive capability is a description of the model representativeness
without an explicit connection to the purpose of the model. In
comparison, the model or simulator credibility is seen as a metric
of representativeness that is tightly connected to the model or simu-
lator’s intended use. e.g., a test stub without modeled physics likely
has a poor predictive capability in some predefined operating con-
ditions. However, the credibility of the test stubmay verywell be high
in the same operating conditions if themodel is intended to be used as
a test stub, no more, no less. This distinction between predictive
capability and credibility provides a clear separation between the
application-agnostic and the application-specific aspects of the cred-
ibility assessment. The adopted separation implies that validation and
UQ metrics render application-agnostic results, as the model’s
intended use is invoked at a higher level of abstraction in the overall
credibility assessment. That being said, the validation and UQ
approach andmetric selection remain dependent on the intended use.
Additionally, credibility is here seen as a wider term compared to

predictive capability. In [5], NASA defines credibility to include a
total of eight factors as part of the assessment. These factors include
UQ and V&V, use history, and people qualifications. In comparison,
the here-developed predictive capability metrics are exclusively
based on UQ and validation results expressed in an application-
agnostic format.
As previously mentioned, V&V and UQ activities and their cor-

responding outcomes are essential in the assessment of predictive
capability and credibility. The term “validation” is interpreted as the
process of determining a model’s or simulator’s validity within its
OD, i.e., to determine if a model or simulator represents the corre-
sponding system of interest (SoI) well enough to fulfill its intended
use(s) within its OD. Model verification is, in contrast, the task of
establishing whether the model or simulator is built right or not,
e.g., as interpreted here, deducing if the model has been transformed
correctly from specification to executable implementation. This
interpretation of V&V is generally compliant with the well-
established definitions provided by [5,20,21].
Furthermore, validation metrics aim to quantify the difference

between the true system and model responses, here referred to as
the solution error. In practice, the true system response is not observ-
able. As described by Coleman and Steele in [22], only the exper-
imental result ym can be registered as the true system responses
appended with the corresponding measurement uncertainties
T � δD. Similarly, the registered simulated response ŷ also includes
uncertainties. As a result the observable total error E � ŷ − ym is
related to the solution error δmodel as [23]

δmodel � E � uval (1)

where uval is the validation uncertainty. The validation uncertainty is
a combination of each present individual uncertainty such as δD. How
to combine the individual uncertainties to formulate uval is discussed
rigorously in the literature and the approach to select depends on how
each individual contribution is correlated (see, e.g., [18,24,25]). For
example, the numerical uncertainties can be eliminated, reduced, or
quantified bymeans of the transmission line method (TLM) [26–28].
If TLM is used with nonphysical parameters, then the resulting
uncertainties are converted from numerical uncertainties to modeling
uncertainties with amathematical representation thatmaps directly to
the solution error. Furthermore, exploiting variable step-size-type
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solvers with error control is another feasible means to minimize
numerical uncertainties [29].

B. Domains of Operation

Three different model domains are of the essence for the presented
work: the SoI and model ODs, and the domain of validation (DoV).
The ODs encompass all feasible model, or system, inputs. A model
OD does not need to overlap with its corresponding system OD; a
model can very well represent more than a single system and vice
versa [18,30]. As schematically visualized in Fig. 1, the DoV is the
domain contained in the smallest convex hull encompassing all of the
conducted validation experiments [31].
Mathematical simulation models based on the physics of the

corresponding modeled system are most often more accurate for
predictions inside the DoV than outside. In this region, there is good
reason to believe that the underlying physics has been understood and
modeled as accurately as the validation experiment results indicate
[18,24]. This confidence is degraded as the model operating con-
ditions are shifted first outside the DoVand, even more, outside the
model OD. The simple example of Fig. 2 aims to visualize this line of
reasoning. The solid line in the figure represents the observed system
response. Presume that a linear model of this system is developed,
represented by the dashed line in the figure. Thismodel is validated in
three different operating conditions, marked as circles. In this case,
predictions within the DoV can be seen as representative to a degree
that is quantified by the conducted validation experiments. However,
the further away from the DoV the model is used, the greater the
difference between the model and modeled system. As a conse-
quence, themodel representativeness is lower.Apredictive capability
metric needs to account for this stipulated increase in difference,
e.g., by means of adding an extrapolation penalty.

C. Exploited Metrics

1. Kullback–Liebler Divergence

Information entropy is by no means a novel concept within the
field of model validation and it constitutes the foundation of an entire
class of validation metrics (sometimes referred to as the information-
theoretic class) [19,32].
The Kullback–Liebler divergence [14], also known as the relative

information entropy, is likely the most well-knownmetric among the
information-theoretic ones. TheKullback–Liebler divergence relates
the entropy to before and after one ormore conducted observations of
a randomvariable. In this context, this is ameasure of the information
gain that is obtained by means of conducting observations. The
continuous Kullback–Liebler divergence is defined as

Hrel �
Z

p�VE�logb
p�VE�
q�VE�

dx (2)

where VE�x� is a function providing a random variable, estimating
the solution error of Eq. (1), with a priori probability density function
(PDF) q�VE� and posteriori PDF p�VE�. A priori and posteriori here
refers to before and after the addition of information. Several other
information-theoretic metrics have been proposed throughout the
years, metrics that address mathematical properties of the Kullback–
Liebler divergence that are seenas disadvantageous.One suchproperty
is that Eq. (2) is undefined ifp�VE� � 0 andq�VE� � 0. TheK andL-
divergence metrics, proposed and evaluated by Lin, both address this
issue. The L-divergence metric is, in addition a symmetric metric, a
property that the Kullback–Liebler and K-divergence metrics lack
[33]. Inspired by the L-divergence, Lamperti proposes the GSL-
divergence as a truemetric, fulfilling the triangle in-equality, a property
that the L-divergence metric lacks [34]. In spite of the presented
shortcomings of the Kullback–Liebler divergence, this validation
metric is chosen for demonstrating the connection between V&V
results to predictive capability and, in the end, credibility. This research
is intended to provide a pragmatic and deployable connection between
validation activities and the communication of credibility; the fact that
the Kullback–Liebler divergence is a well-known concept is seen as
advantageous enough to outweigh its shortcomings, at least in this
initial proof-of-concept stage. The shortcomings are, however, kept in
mind such that a change in selected information-theoreticmetric can be
realized with minimal effort if needed.
In the context of this paper, the random variableVE�x� of Eq. (2) is

a function of the operating conditions x representing the discrepancy
between the observed quantities of interest (QoI) ym�x� of a physical
system and the corresponding simulated QoI ŷ�x�.
In Eqs. (3) and (4) the Kullback–Liebler divergence is expressed

for two different a priori distributions, a Gaussian and a Uniform
distribution, respectively. The derivations of

Hrel � logb
σp
σq

−
logb e

2
� logb�σ2p � �μp − μq�2�

2σ2q
(3)

and

Hrel � − logb

�
σp

��������
2πe

p

Vmax
E − Vmin

E

�
(4)

are provided in the Appendix for completeness. In both cases the
posteriori distribution of VE is assumed as Gaussian, N�μp; σp�,
where σp is the standard deviation and μp � EfVEg is the expected
value of VE. In Eq. (3), the a priori distribution is assumed as
N�μq; σq�, whereas the a priori distribution of VE is assumed as
uniform and continuous in Eq. (4), U�Vmin

E ; Vmax
E �.

2. Modified Nearest Neighbor Coverage Metric

Model coverage is a measure of how well a model’s OD is covered
by a given set of validation experiments. In 2015, Atamturktur et al.
presented an objective coverage metric, the modified nearest neighbor
metric,

Fig. 1 SoI and model domains of relevance to the presented work. The
visualized ODs represent the feasible SoI and model input spaces. The
DoV is the smallest convexhull that encompasses all conducted validation
experiments.

Fig. 2 Simple example illustrating the difference between extrapolating
outside and interpolating within a model DoV. The true system is repre-

sented by the solid line and the model by the dashed line. The validation
experiments are depicted as circles. The gray regions indicate extrapo-
lation, whereas the white, interpolation.
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ηc � 1∕g
Xg
i�1

min�dE;i�x�� � dZI;i�x� ⋅ β�x� (5)

where

β�x� �
�
0 ∶ x ∈ DoV

1 ∶ otherwise (6)

Equation (5) quantifies the information gained through a set of
observations conducted in some operating conditions x. Unlike the
Kullback–Liebler divergence, Eq. (5) is not a statisticalmetric. Instead,
it is based on the two distances dE;i�x� and dZI;i�x�, where dE;i�x� is
the distance between the OD grid point i with coordinates x and
the coordinates xk of the closest conducted validation experiment.
Equation (5) is normalized by the total number of grid points, g, such
that the result becomes independent of thegrid resolution. The distance
dZI;i�x� is an extrapolation penalty that is added for operating con-
ditions that are outside the DoV. Additionally, as presented in Eq. (5),
themodified nearest neighbor coverage does not account for the actual
observations of the total error [see Eq. (1)]; the metric only quantifies
coverage. However, suggestions on how to modify the metric are
provided in [30,35]. Suchmodifications result in a system-levelmetric
of model validity accounting for both coverage and the observed
discrepancy

ηc;V � 1

g

Xg
i�1

min�dE;i��1� VE� � dZI;i (7)

through a function VE. A simple example is the maximum relative
error in all the QoI.

III. Standards Enabling Tool-Agnostic
Implementations

Three standards are exploited in order to enable the development
of a general and tool-agnostic metamodel for conveying model
credibility: the standardized Modelica modeling language, the FMI
standard, and the SSP standard. These three standards are briefly
overviewed in this section.
Modelica is a multidomain, object-oriented, and equation-based

modeling language, characteristics thatmake it particularly suitable for
physics-based modeling [36]. The Modelica language is standardized
by theModelica Association (MA) [15], andModelica models, which
are fully compliant to the standard, can as a result be exchanged
between different Modelica M&S tools. The Modelica effort was
initiated in 1996 [37], and today there are a vast number of tools
available that support the standard; two of the more well-renowned
Modelica M&S tools are Dymola [38], developed and distributed by
Dassault Systemes, and OpenModelica [39], developed and distrib-
uted by the Open Source Modelica Consortium (OSMC).
The approach of employing the best-suited M&S tool for each

specific task is applied at Saab Aeronautics. Even though a signifi-
cant portion of the physics-based aircraft vehicle system models are
expressed in the Modelica language, many hardware models and
software are developed in non-Modelica-compliant tools. Standard-
ized means to exchange data between the different engineering
disciplines are therefore essential. The FMI standard focuses on the
exchange of domain-specific executablemodels, so-called functional
mock-up units (FMUs). In short, FMI provides a standardized C API
that an exported model, source code or executable binary, should
support. In addition, FMI provides a standardized ExtensibleMarkup
Language (XML) format for model interface descriptions. At the
time of writing, more than 150 tools formally support the various
flavors of the FMI standard [16].
SSP is a young standard, initially released in the spring of 2019.

This standard provides a format for exchanging parameterized sim-
ulators composed of several different connected simulation models,
e.g., in the form of FMUs. A parameterized simulator exported
according to the SSP standard is packaged in an 	:ssp file containing

all information necessary to execute the specified simulator. The
structure of such a file is schematically visualized in Fig. 3.
Figure 3 includes all the SSP artifacts relevant for the presented

research. As shown in the figure, an SSP file contains a system
structure description (SSD) file and a resources folder. The SSD file
is a description of the simulator architecture in an XML format that is
specified in the SSP standard. The resources folder can contain other
SSP files, the simulator constituent executable models (FMUs),
system structure parameter values (SSV) files, and system structure
parameter mapping (SSM) files. The simulator parameter values are
stored in the SSV files. These parameter values are bound to the
parameters in the FMUs via namematching or, if available, via one or
more SSM files. The three M&S tools, FMIComposer [40], FMIGo
[41], and OMSimulator [42], are mentioned for context as these tools
provided both FMI and SSP support early on.

IV. Predictive Capability Metrics

Two different predictive capability metrics are developed herein.
These two metrics are inspired by, and founded on, the metrics
presented in Sec. II.C.Here, thesemetrics all operate on data obtained
during conducted validation experiments. The measured and simu-
lated QoI are on the form

Ym �

2
66664

ym11 ym12 : : : ym1N
ym21 ym22 : : : ym2N
: : : : : :

ymk1 ymk2 : : : ymKN

3
77775; Ŷ �

2
66664

ŷ11 ŷ12 : : : ŷ1N

ŷ21 ŷ22 : : : ŷ2N

: : : : : :

ŷK1 ŷK2 : : : ŷKN

3
77775 (8)

respectively. The matrices of Eq. (8) both have N columns corre-
sponding to the total number of QoI. The K number of rows corre-
sponds to the total number of experiments conducted within the
model and the SoI’s combined OD. The relative error,

ekn � ymkn − ŷkn
ymkn

(9)

can be formulated for each element, row k and column n, in the
matrices Ym and Ŷ, resulting in the K by N matrix:

e �

2
664
e1
e2
:
ek

3
775 �

2
664
e11 e12 : : : e1N
e21 e22 : : : e2N
: : : : : :

eK1 eK2 : : : eKN

3
775 (10)

The observed relative error, see Eq. (9), is here chosen as a signal-
level validationmetric.A signal-level validationmetric is here seen as
metric that operates on a single QoI. In contrast, a model or system-
level validation metric aggregates a number of signal-level compar-
isons into a single output representing predictive capability.

A. Application Example and In Situ Measurements for Method
Evaluation

A small-scale simulator representing a temperature-controlled air-
craft cooling system, including a consumer of coolant power, was
developed and presented in [43]. This simulator comprises models
and software originating in different engineering disciplines, and it is

Fig. 3 Schematic overview of a packaged simulator exported according
to the SSP standard.
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here used for evaluation of the two developed metrics and the
metamodel implementation. The application example consists of a
total of five exported models, excluding the metamodel, packaged in
the SSP format. The constituent models are exported as FMUs from
the tools Dymola, OpenModelica, and Simulink. Geometry informa-
tion is included in the simulator via SSV files exported from appli-
cation example CATIA geometry models. Hällqvist et al. provide a
detailed description of the application example as a whole, alongside
the CATIA export functionality, in [43].
Application example simulation results are here compared to

measurements in order to generate metamodel input data on the
format described in Tables 1–4. The QoI of the application example
are pressures, temperatures, and mass flows throughout the SoI. The
measurements of the QoI are not conducted on a realization of the
application example. Instead, in situ measurements on a similar
implementation in an unspecified aircraft are exploited. Even though
a comparison between the two does not have any bearing on the
predictive capability of the application example simulator, they can
serve as a foundation when evaluating and demonstrating the con-
tributions of this paperwithout compromising intellectual property of
any product simulator or model.
The flown missions result in discrete steady-state operating con-

ditions identified by an F-test identification method exploiting the
ratio of differently estimated variances. This steady-state identifica-
tion method is described in detail in [44,45] and it was evaluated on a
multivariate problem within the presented context by Hällqvist et al.
in [10]. Resulting identified steady-state points in the application
example OD are presented in Fig. 4. Each DoV in Fig. 4 originates
from a corresponding flown mission.
These DoVs are used to develop, evaluate, and demonstrate the

metrics and metamodel. The total number of validation experiments
for each DoV is provided in Table 5.
Thevalidation experiments ofDoV1 are separated into two:DoV1a

and DoV1b. This separation is done such that the aggregation prop-
erty of the predictive capability metrics can be developed and dem-
onstrated exploiting the measurements from a single flown mission.
This particular DoV is chosen as its constituent-identified validation
experiments are more dispersed than in the other DoVs, a property
rendering a clear graphic visualization of values of the two developed
metrics. The resulting two sets of validation experiments are used for
metric development and they are presented in the metamodel input
format in Tables 1 and 3. The figures contain normalized steady-state
values of altitude and Mach number; measured quantities here rep-
resenting the complete input space of the application example. The
validation experiments are all normalized against the maximum
values, of altitude andMach number, in the complete set of conducted
validation experiments. In addition, values of selected system-level
validation metrics are computed for each validation experiment in
DoV1a and DoV1b; these values are provided in Tables 2 and 4,
respectively.

B. Required Properties of Predictive Capability Metrics

Atamturktur et al. formulated requirements that a metric quantify-
ing coverage should be sensitive to [12]. Similarly, Ferson et al.

Table 5 Total number of
validation experiments in each of the

five DoVs presented in Fig. 4

DoV No. of validation experiments

DoV1 15
DoV2 7
DoV3 12
DoV4 13
DoV5 24Fig. 4 Validation experiment coordinates in the application example

input space along with the resulting DoVs.

Table 2 Values of system-level
validation metrics for the first set of
validation experiments (DoV1a)

k max�ek� Efekg σp�ek� Hrel
k �ek�

1 0.295 0.173 0.094 1.363
2 0.293 0.179 0.083 1.538
3 0.266 0.155 0.074 1.705
4 0.261 0.152 0.073 1.722
5 0.265 0.156 0.073 1.727
6 0.269 0.158 0.074 1.713
7 0.269 0.159 0.073 1.720

Table 3 Validation experiments
of DoV1b

k xk1 xk2

8 0.672 0.763
9 0.678 0.587
10 0.088 0.507
11 0.088 0.361
12 0.088 0.368
13 0.088 0.293
14 0.088 0.296
15 0.001 0.028

Table 4 Values of system-level
validation metrics for the second set of

validation experiments (DoV1b)

k max�ek� Efekg σp�ek� Hrel
k �ek�

8 0.269 0.158 0.074 1.703
9 0.273 0.169 0.075 1.696
10 0.262 0.171 0.061 1.994
11 0.261 0.167 0.064 1.928
12 0.263 0.167 0.065 1.900
13 0.262 0.165 0.066 1.868
14 0.261 0.164 0.067 1.844
15 0.256 0.157 0.077 1.654

Table 1 Validation experiments
of DoV1a

K xk1 xk2

1 0.001 0.028
2 0.172 0.415
3 0.684 0.926
4 0.687 0.723
5 0.681 0.682
6 0.672 0.769
7 0.672 0.792
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describe desirable properties of validation metrics [46], which they
derive from the first of three use-case problems considered in the
SandiaValidationChallengeWorkshop [47]. As predictive capability
here is seen as a combination of coverage and validation metrics, the
aforementioned requirements are tailored to be applicable for a
metric of predictive capability to be exploited within the presented
context:
1) A predictive capability metric should be objective such that no

subjective input in terms of, e.g., calibration is required.
2) The metric should be deterministic, meaning that the predictive

capability should remain unchanged if identical inputs are repeated.
3) The metric should be kept general such that it is applicable for

any units of QoI and any dimension input space. A general metric has
many advantages, not only in terms of maintenance of a large-scale
implementation in, e.g., industry. A general metric can also be used
for many different SoIs. Engineers will, as a result, more quickly
develop an intuitive feel for the implications of specificmetric values.
In contrast, Ferson et al. argue that the unit of themetric should be the
same as in simulated and measured QoI. This property needs to be
weighed against the generality characteristic.
4) The predictive capability metric should account for information

obtained during any conducted model validation and UQ activities.
As all unique validation and UQ activities contribute with informa-
tion, any added validation experiment should affect the metric value
for all, or a subset of, the feasible input space.
5) A metric of predictive capability should facilitate an overall

measure of the difference between simulated andmeasuredQoI. As a
result, the metric needs to be scalable ranging from single QoI to an
arbitrary number.
6) Finally, for the reasons stated in Sec. II, a predictive capability

metric should distinguish between interpolation and extrapolation of
the DoV.

C. Entropy-Based Predictive Capability (<EPC)

Each conducted validation experiment can be expressed in terms
of relative information entropy via Eq. (3) or (4) provided the data in
the format of Eq. (10). Equations (3) and (4) require information
concerning the experiment a priori and posteriori probability distri-
butions. The posteriori standard deviation can be formulated for each
row of Eq. (10) such that

σ �
2
4 σ1

:
σK

3
5 (11)

where

σk �
��������������������������������������������

1

�N − 1�
XN
i�1

�eki − μk�
vuut . (12)

Given some assumption concerning the a priori distribution proper-
ties, e.g., ek ≈U�0; 1�, the relative information entropy can be esti-
mated as

Hrel �
2
4Hrel

1

·
Hrel

K

3
5 (13)

for each validation experiment. Note that the a priori and posteriori
distributions are here assumed as identical for all QoI. As presented
here, Eq. (13) is connected to the variance of the relative error across
all the QoI.
If Eq. (2) is to be used as foundation of a metric of model

predictive capability, then the relative information entropy needs
to be expressed as a function of the current model operating con-
ditions x. From the definition of the Kullback–Liebler divergence
[i.e., Eq. (2)], it follows that Hrel

k has no explicit dependence on
the operating conditions. Each validation experiment produces

different a priori and posteriori distributions, which result in a
different value of Hrel. This implicit dependence on the set of
validation data collected under a specific set of operating condi-
tions, denoted xk, is made transparent through the index k. The
question then arises about the values ofHrel

k evaluated for operating
conditions x that are not included in any DoV. Equation (14) rep-
resents an analytical expression that is a possible practical answer to
that question.
As the individual contributions to the relative information entropy

can be added, the relative information entropy is here expressed as

Hrel
k �x� � Hrel

k

1�
�
kx−xkk2

R

�
l

(14)

whereHrel
k is the observed relative information entropy at a compari-

son made in operating conditions xk. The parameter R and the
exponent l together govern the rate of decay of the entropy as the
distance to the point of comparisons,

dE � kx − xkk2 (15)

is increased. Specifying R as

R � e
−σk
μk (16)

means that the reduction in relative information entropy, as x shifted
away from xk, is higher for comparisons with a higher standard
deviation σk. In addition to this desirable property, expressing R as
a function of the distribution properties avoids introducing subjective
parameters. The exponent of Eq. (16) is known as the coefficient of
variation (CV). The CV is simply the standard deviation normalized
with the expected value μ.
Blom et al. discuss someof the properties of theCV [48]; one of the

primary benefits is the fact that the metric is dimensionless. The
exponent l of Eq. (14) is here specified as dim�x�, rendering a fully
objective relationship without any calibration parameters.
Provided Eq. (14), an entropy-based predictive capability metric is

proposedly expressed as

EPC �
�
1 − 2−H

rel
�
⋅ 100 (17)

where

Hrel�x� �
XK
i�1

Hrel
i �x� (18)

is the sum of each conducted experiment’s individual contribution to
the relative information entropy. Equation (17) does not favor inter-
polation over extrapolation. Such a penalty could, however, be added
to themetric.One approach is to adapt the extrapolation penalty of the
nearest neighbor coverage metric by means of adding dZI;i [see
Eq. (5)] to the distance kx − xik2 in Eq. (14). This is exemplified
in Fig. 5,where evaluations of Eq. (17) in the application exampleOD
are shown. The results of Fig. 5a are generated without applying an
extrapolation penalty to Eq. (17) whereas the results of Fig. 5b
include an extrapolation penalty.
The superposition property, enabling the formulation of Eq. (18),

is one beneficial characteristic of the relative information entropy.
However, each of the conducted experiments influences Eq. (18).
This means that the obvious connection to the closest conducted
experiment may be lost, resulting in a less intuitive metric. One way
to mitigate this issue is to introduce a nonlinear truncation that limits
the metric to the relative error obtained in the closest conducted
experiment. Equation (17) is modified to

EPC �
h
�1 − VE�x�� − 2−H

rel
i
⋅ 100 (19)
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where VE�x� � max�ei� corresponds to the maximum relative error
at the closest conducted validation experiment, i.e., the experiment
number

i � arg min
i

kx − xkk2 (20)

The presented approach of computing the relative information
entropy, by means of using the standard deviation in the observed
relative error across all the QoI, does not account for any potential
biases. Equation (17) merely results in a number between zero and
100 that expresses the overall predictive uncertainty of the model at
the current operating conditions x. Furthermore, Eq. (17) does not in
itself explicitly communicate the difference between measured and
simulated QoI. The modification of Eq. (17) mitigates this short-
coming, as shown in Fig. 6. The appended nonlinear truncation limits
the value of predictive capability to the maximum observed signal-
level validation metric, in this case the maximum observed relative
error. The result of introducing this nonlinear truncation is made
apparent when comparing Figs. 6a and 6b.
Note that the standard deviation is not defined for a single set of

measurements of a singleQoI and, as a result, neither is Eq. (19). This
may appear as problematic at first glance; however, the purpose of the
EPCmetric is to aggregate signal-level comparisons ofmultiple QoI.
The number of metric inputs is therefore always greater than one for
this particular application. Similarly, the variation coefficient pre-
sented in Eq. (16) is undefined for μk � 0. This is a significant
drawback of the variation coefficient; however, statistically, as the

EPC metric operates on both measured and simulated QoI, an
expected value identical to zero is unlikely.

D. Coverage-Based Predictive Capability (CPC)

Inspired by the modified nearest neighbor coverage [12] metric,
and the system-level validation metric accounting for nearest neigh-
bor coverage proposed by Forss [35] and Hällqvist [30], the metric

CPC�x� �
h
e−�dE;i�x��dZ;i�x�� − VE�x�

i
⋅ 100 (21)

is developed for expressing predictive capability. The distance dE;i is
described in Eq. (15). The distance dZ;i serves as extrapolation
penalty [see Eq. (5)], and it is the smallest distance to the convex
hull describing the DoV. In analogy to Eq. (17), a bias VE is sub-
tracted from the first term of Eq. (21).
Figure 7 visualizes Eq. (21) computed in the application example

OD: in Fig. 7a using DoV1a and in Fig. 7b using all of DoV1.
The difference in character of the EPC and CPC metrics is made

apparent if comparing Figs. 7b and 6b. The EPC metric results
presented in Fig. 7b are, as previously described, adjusted to account
for any potential biases. This particular characteristic is native to the
CPC metric; compare Eqs. (19) and (21). Furthermore, for this
particular set of validation experiments the EPC and CPC metrics
are close to identical in all of the operating conditions inwhichmodel
and systemQoI have been compared. This is as expected; however, it
may not hold for a different set of experiments. Equation (19) spec-
ifies that the information entropy must be sufficiently high for the

a) Entropy-based predictive capability for both
sets of validation experiments

b) Entropy-based predictive capability accounting for
bias of the modeling error

Fig. 6 Validation experiment coordinates along with the corresponding two-dimensional DoV. The DoV includes both sets of experiments specified in
Tables 1 and3.The contours represent values of entropy-based predictive capability expressedas a percentage.The clear regions of the figures correspond
to metric values below 20%.

a) Entropy-based predictive capability excluding
extrapolation penalty

b) Entropy-based predictive capability including
extrapolation penalty

Fig. 5 Validation experiment coordinates along with the corresponding two-dimensional DoV. The contours represent values of entropy-based
predictive capability expressed as a percentage. The clear regions of the figures correspond to metric values below 20%.
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EPC to approach the validation metric value of the closest conducted
validation experiment.

V. Metamodel Development

A bottom-up approach to assessing and presenting the credibility
of simulators was developed and implemented by Eek et al. in [2].
The approach included equipping eachmodel included in a simulator
with ametamodel. Information stemming frommodelV&Vactivities
was expressed in an executable format and appended to the original
simulation models. The validation meta information was manually
incorporated in the metamodels and, as a result, along with a not-
specified degree of subjectivity. This section motivates and describes
the development of a parameterized general metamodel relying on
application-agnostic validation results.
As in [2], each metamodel is developed to supply the end-users

with a dynamic metric of credibility at the model level via an output
denoted Credibility_Level. The Credibility_Level
output communicates one of four feasible values: 0) not imple-
mented; 1) no credibility; 2) degraded credibility; 3) normal credi-
bility.A similar approach to quantifyingmodel empirical evidence, in
the specific case of agent-based models, was presented by Barde and
van der Hoog [49] in 2017. Barde and van der Hoog summarize four
different levels of empirical relevance that an agent-based model can
be classified in. These classifications range from a so-called “char-
acter of reality” at level 0 to quantitative agreement with “empirical
microstructures” at the highest level.
Minimizing the required modeler workload is highlighted as a key

aspectwhen incorporating credibility assessmentmetamodels [2]. As
a result, Eek et al. choose to position the metamodel within the
original simulation model, resulting in a single configuration item
(CI) [50], in this case a digital artifact that needs to bemanaged under
stringent configuration control. The principle is illustrated in Fig. 8.
The option of choosing to simulate with or without the metamodel

was thereby consciously omitted, even though there are benefits of
incorporating the metamodel in a postprocessing step. One such
benefit is the resulting relaxed real-time requirement of metamodel
computational cost stemming from, e.g., hardware-in-the-loop (HIL)
applications.
A general and parameterized metamodel compliant to the FMI

standard allows for both benefits stated above. The original simu-
lationmodel, in the form of an FMU, can be packaged, alongwith the
correspondingmetamodel, into a single CI via the SSP standard. This
allows for increased flexibility that can be achieved by means of
applying SSP manipulation functionality proposed to be available in
the Master Simulation Tool (MST) executing the simulation. Such
manipulation functionality has been specified and implemented in
the OMSimulator tool; all OMSimulator Application Programming
Interface (API) commands are described in detail in the digital user
manual available at [51].
Naturally, all benefits from the originally proposed solution cannot

be achieved. One example is that incorporating original simulation
model internal information in the metamodel becomes more chal-
lenging. Such information needs to be exposed to the FMU interface
instead of, if available, exploiting the constructs for exchanging data
that are available in the chosen M&S tool. Another potential draw-
back is that the additional flow of data between FMUs could intro-
duce additional overhead. Less data need to be transferred and stored
if this communication is kept internally within each compiled execut-
able. A preliminary investigation on metamodel computation cost is
provided in Sec. VI.

A. Modelica Implementation

A credibility assessment Modelica library that contains all the
required classes for expressing a general metamodel is developed
and presented in this section. The library contains all the classes that
are needed to express a metamodel that scales to the input space, and
the conducted validation experiments, of the SoI.

Configuration Item

Fig. 8 Schematic representation of a CI comprising a simulationmodel with a coupledmetamodel. The figure is an updated representation of the figure
presented in [52] incorporating the FMI and SSP standards. The top-level CI is in the form specified by SSP.

a) Coverage-based predictive capability for the
first set of validation experiments

b) Coverage-based predictive capability for both
sets of validation experiments

Fig. 7 Validation experiment coordinates along with the corresponding two-dimensional DoV. The contours represent values of coverage-based
predictive capability. The clear regions of the figures correspond to metric values below 20%.
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The library is partitioned into three main subpackages: the
ConvHull, PredictiveCapability, and Credibility
subpackages; these three subpackages are overviewed in the follow-
ing subsections.

1. ConvHull

The ConvHull subpackage contains all the developed Modelica
classes that operate on the input validation experiments. The open-
source C-library Qhull serves as foundation for this particular Mod-
elica subpackage. The Qhull library employs the n-dimensional
quickhull algorithm, initially presented by Barber and Huhdanpaa
in 1995 [53], to compute the convex hull of a set of points. Other
similar external libraries exist, where one example is the CGAL C++
package [54]. The Qhull C-library is incorporated in the Modelica
library as an external library; the function qh_new_qhull is used
to compute the n-dimensional volume of convex hulls of arbitrary
dimension. The qh_new_qhull function is incorporated in the
library through the Modelica wrapper presented in Listing 1.
The Qhull library is currently only used for computation of

n-dimensional convex hull volumes. The additional needed func-
tions are expressed in the Modelica classes of the Credibility-
Library.ConvHull subpackage. This subpackage includes
Modelica functions that 1) identify the vertices of a convex hull given
a set of n-dimensional coordinates, 2) identifies whether a point lies
inside or outside a convex hull, and 3) computes the minimum
distance from some set of coordinates outside of a convex hull to
the convex hull.
1) The points that lie on the edge of the convex hull can be

separated from the complete set of points by means of comparing
volumes generated using the wrapperConvHull_VolOut func-
tion. The convex hull volume is first established by means of provid-
ing the complete set of points to the function. If the volume remains
unchanged when a point is removed, then the removed point is inside
the hull. If instead the volume is reduced when a point is removed,
then the point lies on the edge of the convex hull.
2) Oneway to distinguish between interpolation and extrapolation

is to investigate the n-dimensional volume of the convex hull encom-
passing the DoV and the current operating conditions. The current
operating conditions are inside the DoV if the volume of the DoV
(VDoV) remains unchangedwhen the current operating conditions are
added, i.e., VDoV∕Vcurrent � 1. However, the current operating con-
ditions lie outside the DoV if VDoV∕Vcurrent < 1.
3) In this proof-of-concept stage the minimum distance between a

point and a convex hull is computed in two dimensions through linear
algebra. This does not exclude the metamodel from being used in
higher dimensions; in such a case, the output distance is simply

computed between the two-dimensional shadows of a point outside
of the hull and the edge of the convex hull.

2. Predictive Capability

The developedmetrics of predictive capability are implemented in
the PredictiveCapability subpackage. All needed entropy-
related classes are grouped in the PredictiveCapabili-
ty.Entropy subpackage. Examples of implemented Modelica
functions are realizations of Eqs. (19) and (21). These functions rely
on statistical moments that also are computed in functions realized in
this subpackage. Analogously, all needed coverage-based models
and functions are grouped in the PredictiveCapability.
Coverage subpackage along with the corresponding test models.
Finally, the PredictiveCapability.Aggregated sub-

package includes models aggregating the predictive capability mod-
els of the PredictiveCapability.Entropy and Predic-
tiveCapability.Coverage subpackages. Such aggregation
models enable additional flexibility, allowing users to combine,
e.g., the EPC and CPC metrics when formulating the Credibi-
lity_Level output in a later step. A screenshot of an aggregated
predictive capability model is provided in Fig. 9. The dimensionality
of the model input array, denoted inputArray in the figure, is
governed by the number of columns in the DoV that are incorporated
in the model via the instantiated component readDoV. This compo-
nent utilizes the Utility functions of the Modelica Standard
Library (MSL) [55,56] to read matrices of arbitrary size. In addition
to the predictive capability metrics (see the outputs EPC and CPC in
Fig. 9), outputs providing in-depth insights of the deduced current
predictive capability are provided by the metamodel. These outputs,
if deemed useful, can be forwarded to the end-user as additional
Quality outputs as shown in Fig. 8.

3. Credibility

The subpackage CredibilityLibrary.Credibility
includes all the models necessary to convert the metrics of predictive
capability to a quantified Credibility_Level. The functions in
this subpackage do not provide a complete credibility assessment as
described in [5]; the models simply convert the predictive capability
metrics of Sec. IV to the Credibility_Levelmetric via a set of
M&S application quality requirements. These quality requirements
provide the sought connection to themodel or simulator intended use.
The conversion instantiated in the two different dimension metamo-
dels of Fig. 10 is provided in Listing 2. The quality requirements are
represented by thresholds on the model input values of predictive
capability. These thresholds are specified via the two parameters
thresholdCL1 and thresholdCL2.

Listing 1 Modelica wrapper of the Qhull function qh_new_qhull

function wrapperConvHull_VolOut
input Integer dim, numpoints;
input Real[:] points;
output Real volOut;
external “C” volOut = callConvHull_volOut(dim, numpoints, points);
annotation(Include = “#include <qhull_a.h>
double callConvHull_volOut(int dim, int numpoints, coordT* points){

//Hard coded inputs
boolT ismalloc=0;
FILE *outfile= NULL;
FILE *errfile = NULL;
int* status;
char flags [25];
static int init=0;
if (init==0) //Initialize qh_new_qhull
status=qh_new_qhull(dim, 0, NULL, ismalloc, flags, outfile, errfile);
init=1;
status=qh_new_qhull(dim, numpoints, points, ismalloc, flags, outfile, errfile);
qh_getarea(qh facet_list);
return qh totvol;}”,

Library = “libqhullstatic.lib”);
end wrapperConvHull_VolOut;
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VI. Results

The results are divided into two different categories: a verification
and validation category and a category summarizing the computa-
tional cost of the current implementation.

A. Verification and Validation

Themetamodel implementation is verified against a Python imple-
mentation of the predictive capability metrics that is developed in
parallel. Additionally, the Python and metamodel implementations
are validated using the same in situ measurements (see Fig. 11). The
V&V results are presented in Figs. 12 and 13.
The primary purpose of the Python implementation, in addition to

verifying the metamodel, is to provide functionality for offline post-

processing of model and simulator simulation results in a V&Vand
credibility assessment context. Such functionality is demonstrated as
valuable by, e.g., Hällqvist in [30]. The primary purpose of the
metamodel implementation is to provide the founding building
blocks to online simulator credibility assessment as described in this
paper and by Eek et al. in [2]. The metamodel is exported as an FMU
from its original development environment. The metamodel FMU is
then appended to the application example simulator using the SSP
manipulation functionality provided in the OMSimulator tool.
Finally, the mission generating DoV2 (see Sec. III.A) is used to
generate the verification results by means of simulating the complete
SSP using the OMSimulator.
Normalized values of altitude andMach number, for themission in

question, are presented in Fig. 11. The coordinates formingDoV2 are

a) Two-dimensional realization of general meta-model b) Three-dimensional realization of general meta-model

Fig. 10 Two instances of the developed general metamodel: one two-dimensional (a) and one three-dimensional (b). Both metamodel instances are
selected to output a Credibility_Level founded on the EPC output of Fig. 9. The CPC output is provided as an additional Quality output in these
particular examples. The predictive capabilitymodel, shown in Fig. 9, is instanced as pCM_Agg in the figure. The conversion from predictive capability to
Credibility_Level is realized by instances of the PCToCred class provided in Listing 2.

Fig. 9 Predictive capability Modelica model computing the coverage-based predictive capability [see Eq. (21)] and the entropy-based predictive
capability [see Eq. (19)].

Listing 2 Modelica model providing a connection between quality requirements,
predictive capability, and Credibility_Level

model PCToCred
Modelica.Blocks.Interfaces.RealInput RPE_metric
parameter Real thresholdCL1;
parameter Real thresholdCL2;
Modelica.Blocks.Interfaces.RealOutput Credibility_Level
if RPE_metric > thresholdCL1 then
Credibility_Level=3;

elseif thresholdCL1 >= RPE_metric and RPE_metric > thresholdCL2 then
Credibility_Level=2;

else
Credibility_Level =11’

end if;
end PCToCred;
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indicated as circles in the figure. Furthermore, the corresponding
validation metric values are presented in Table 6.
The considered DoV is input to the metamodel such that the

connection to individual validation experiments is made apparent
when simulating the mission. Metamodel and offline postprocessing
results from the Python implementation of the two developed pre-
dictive capability metrics are provided in Fig. 12: the results in solid

red stem from the Python implementation, and the results in dashed
black are outputs of the implemented metamodel. The realizations
provide close to identical results. However, some minor discrepan-
cies are observed, and they are deduced to be a result of numerical
errors in the extrapolation penalty calculations. These discrepancies
are visible particularly in Fig. 12b, which is explained by the fact that
the decay with distance of CPC is lower compared to that of EPC.
Furthermore, comparing Figs. 12a and 12b highlights some of the

differences in metric characteristics. The CPC metric is equal to
100 −max�ek�when computed for the operating conditions produc-
ingmax�ek�; see Table 6 for theverificationmissionvalidationmetric
values. In comparison, this does not hold for the EPC metric. The
EPC metric is only equal to 100 −max�ek� if enough information,
with sufficient quality, has been gathered in the vicinity of xi. This is a
desirable and expected property of EPC made particularly clear at
time � 1574 s in Fig. 12a.

a) Entropy-based predictive capability for the
verification mission

b) Coverage-based predictive capability for the
verification mission

Fig. 12 Two different realizations of the two proposed predictive capabilitymetrics during the verificationmission: the Python implementation is shown
as solid; the Modelica implementation as dashed. The circles represent aggregated steady-state identified during the mission, i.e., operating conditions
where the measurements presented in Figs. 11a and 11b are simultaneously steady.

Fig. 13 Credibility_Level as function of time during the verifica-
tionmission. The solid line represents a Credibility_Level founded

onEPC, and the dashed line a Credibility_Level founded onCPC.
The two sets of thresholds on CPC and EPC, rendering the correspond-
ing discrete values ofCredibility_Level, are specified as identical in
both cases.

a) Altitude of mission generating DoV2 b) Mach number of mission generating DoV2

Fig. 11 Metamodel inputs of mission used to verify the metamodel implementation. The circles represent aggregated steady-state identified during the
mission, i.e. operating conditions where the measurements presented in Figs. 11a and 11b are simultaneously steady.

Table 6 Maximum
relative errors for all
validation experiment

coordinates in DoV2

Mission time, s max�Ek�, %
309 13.6
676 12.8
1574 13.4
2441 12.0
2500 12.0
2838 12.0
3250 13.0
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Furthermore, the two predictive capability metrics are converted,
to the in reference [2] specified, credibility assessment input
Credibility_Level by the metamodel; these results are pre-
sented in Fig. 13. The results are computed online, during simulation,
by the metamodel appended to the application example SSP. As
mentioned previously, the Credibility_Level provides a sub-
set of the information necessary in an overall credibility assessment.
The conversion is a result of the Modelica component presented in
Listing 2 along with specified threshold values: thresholdCL3=
80, thresholdCL2=60, and thresholdCL1=40.

B. Computational Cost

The metamodel computational cost needs to be kept at a minimum
if it is to be simulated alongside its correspondingmodel or simulator.
The presented metamodel Modelica implementation is merely a
proof-of-concept, and no explicit efforts in minimizing the computa-
tional cost, with respect to quantified cost, have been performed at the
time of writing. Even so, Saab in-house high-performance-comput-
ing (HPC) clusters are used to quantify the current magnitude of the
computational cost. These results are presented in Fig. 14. The
evaluation is composed of approximately 650 simulated synthetic
flight missions for each set of validation experiments presented in
Fig. 4. Each mission consists of an acceleration and elevation to
operating conditions of prolonged steady-state operation evenly
distributed within the application example OD. Each set of validation
experiments represent a DoV resulting from comparisons between
the application example and the correspondingmeasuredQoI. A total
of five different sets of validation experiments are input to the
metamodel (see Fig. 4), where each set contains a different number
of validation experiments as presented on the horizontal axis of
Figs. 14a and 14b.
Themetamodel computational time is related to the simulated time

in Fig. 14a. The results show that the metamodel is faster than real-
time for all investigated DoVs, in all parts of the application example
OD. The range betweenminimum andmaximum computational time
is narrow, indicating that the metamodel is close to equally computa-
tionally efficient in all parts of the OD.
Furthermore, the results also show a significant increase in com-

putational time as the metamodel input DoV is expanded with more
experiments. Figure 14b offers part of the explanation to the phe-
nomenon as it visualizes that the metamodel number of equations (y)
increases linearly with an increasing number of validation experi-
ments (x). A so-far-not-quantified number of these equations are
solved at each communication step, which impacts the metamodel
computational time.

VII. Discussion

Six required properties on a metric of predictive capability are
presented in Sec. IV. The property of objectivity forces transparency
of the assumptions, e.g., related to constraints on the metric input

data, and thus increases the credibility of the metric itself. Further-
more, automating metric evaluation, simultaneously for several dif-
ferent SoIs, is greatly simplified as an objective metric often is easier
to generalize. The implications of a clear nonoptimal assumption can
likely be quantified at a later stage if the assumptions arewell known.
The Credibility Assessment Scale (CAS), which is a significant
source of inspiration to the presented work, highlights a total of eight
different factors to the overall credibility assessment. Any predictive
capability metric is here specified to provide objective technical
evidence serving as input to the validation category. Undoubtedly,
the overall credibility assessment needs to include gathered subjec-
tive technical evidence, in all categories specified in CAS, e.g., con-
cerning assumptions related to the probability distributions of the
EPC metric.
The two different developed predictive capability metrics fulfill

the requirements deduced as particularly relevant within the pre-
sented context. The CPC is an intuitive metric that is based on
distances to the normalized coordinates of validation experiments
and their resultingDoVs. Such ametric is easy to use and is stipulated
to be a significant improvement compared with the subjective map-
ping between validation experiments and Credibility_Level
presented in [2]. That being said, theEPC allows the communication
of additional information compared to the CPC metric. The relative
information entropy, of each validation experiment, is computed
based on the variance between all observed signal-level validation
metrics. The decay of the entropy is in addition coupled to the
variation coefficient. This connection provides a further strengthen-
ing of the EPC dependence on the variance in the observed error.
Both developed metrics are therefore deduced to provide a useful
foundation in the overall credibility assessment ofM&S applications.
The normalization of metric input validation experiment coordi-

nates is here conducted against the maximum values in the complete
set of conducted validation experiments. This particular approach has
benefits and drawback compared to normalizing against, e.g., the
model or system OD. One significant benefit is the fact that the OD
does not have to be explicitly expressed in order to compute the
predictive capability. A result is a less application-specific imple-
mentation favoring maintenance and reuse. These beneficial charac-
teristics need to be weighed against the fact that the normalization
may change for different sets of validation experiments. This unde-
sirable property increases the challenge of traceability and makes it
more difficult to extract trends when continuously adding validation
experiments. However, the effects of the drawbacks are reduced once
experiments at the edge of the model or system OD have been used
for validation.
The EPC metric is here computed assuming that the a priori and

posteriori validationmetric distributions are identical for all QoI. This
assumption is not a requirement to compute the metric itself, as the
individual contributions to the total information entropy can be
computed using the best available knowledge concerning the
individual distributions. However, the assumption is advocated for

a) Meta-model execution time, relative the simulated
time, as function of the number of validation
experiments in five different DoVs

b) Meta-model number of equations as function of
the number of validation experiments in five
different DoVs

Fig. 14 Results of preliminary investigation related to metamodel computational cost.
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pragmaticmaintenance andusability reasons. If onewants to avoid this
assumption, the authors suggest to compute the metric for each set of
QoI, sharing distribution characteristics, and then incorporate an
application-specific aggregation on the individual EPC values facili-
tating the overall credibility assessment. That way, the separation
between application-agnostic and application-specific functionality
introduced in the developed metamodel is maintained. Furthermore,
the work presented in the paper can be seen as the description of a
quantitative procedure to approximate and translate the solution error
[see Eq. (1)] into evidence supporting simulation credibility assess-
ment. The stochastic contributions to the solution error are not directly
addressed in the application example.However, stochastic information
is characterized by its probability distribution via statistical moments
such as the expectation andvariance.The information theoretic class of
validation metrics aims to transform these characteristics into a single
deterministic metric; see, e.g., the work ofMarks presented in Chapter
13 of [19]. The predictive capabilitymetrics proposed herein do not, as
described, account for the combined uncertainties uval. Instead, the
statistical moments serving as foundation to the EPC metric quantify
the overall model uncertainty across all the QoI. That being said, a
signal-level validation metric, other than the relative error, that incor-
porates uval could be chosen as input to the predictive metric. The
Kullback–Liebler divergence is an example of such a metric. This
expansion is seen as a relevant next step for future research initiatives.
The presented metamodel serves as a proof-of-concept. The

founding Modelica library is developed to be general; however, at
this concept stage, some functions need further refinement if the
requirement on generality is to be fully achieved. One such example
is the computation of the extrapolation penalty. The evaluated reali-
zation does not fully comply with the extrapolation penalty as
described in Sec. IV for input spaces with more than two dimensions.
The extrapolation penalty is currently calculated analytically. An
accurate n-dimensional solution has not yet been realized, and
currently the two dimensional shadow of the extrapolation penalty
is exploited for higher dimensions. An accurate general dimension
solution could be achieved by means of viewing the extrapolation
penalty calculation as an optimization problem [35,57]. Chen and Ye
formulate an optimization algorithm that projects an n-dimensional
vector onto a general dimension canonical simplex [58],which shows
promise in contributing to addressing this computational challenge in
the metamodel. This topic has not, at the time of writing, been further
investigated and is left for future research. Furthermore, the paper
includes sufficient information for readers to implement their own
library and metamodel in the language of their choice. The specific
Modelica library developed herein is not yet released as open source.
The possibility of such a release will be investigated further.
The relationship between predictive capability and credibility is

exemplified via a set of model quality requirements expressed in the
Modelica language. Even though formal methods for expressing
executable requirements exist (see, e.g., [59]), the presented solution
is deemed sufficient for the purposes of this paper. Furthermore, the
transformation of intended uses into executable model quality
requirements is a most interesting topic that is left for future research.
Implementing the metamodel in the Modelica language introduces

one limitation that needs to be made transparent. The Modelica lan-
guage does not allow for modification of array dimensions at run-time
[56]. In this context, this means that the input space is fixed once the
metamodel is compiled. It alsomeans that experiments, as described in
Sec. IV.A, cannot be added to the source file without recompilation.
This may seem like a significant drawback; however, exporting an
updatedmetamodel does not requiremucheffort compared to the effort
required when exporting the corresponding M&S application. In fact,
this export step could easily be automated by means of triggering the
generation every time new validation experiments become available in
file storage. That being said, current research enabling just-in-time
compilation ofModelica models shows promise in addressing parts of
this drawback (see, e.g., [60,61]).
Executing the metamodel in parallel with its corresponding model

or simulator has several advantages; however, additional challenges
are introduced. One such challenge is the fact that the metamodel
computational time cannot compromise any requirements on overall

execution time, e.g., hard real-time requirements in HIL simulators.
The results show that this is a topic for further investigation. As is,
scalability issues will likely arise for well-populated DoVs. The
computational time increases rapidly with an increase of validation
experiments in the DoVs (see Fig. 14a). Even though not demon-
strated here, a similar increase is stipulated for different applications
with an increased number of measured QoI. There are, however,
several ways to mitigate this issue. First and foremost, there is great
potential for improvement, in terms of computational speed, in the
functions of the developed CredibilityLibrary. The extrapo-
lation penalty calculations are done continuously, using brute-force,
in the metamodel and could consequently be significantly improved
in terms of speed. Another independent means of addressing scal-
ability issues is to add some objective intelligence when selecting
validation experiments to include in themetamodel. Experiments that
have a minimal impact on the metrics of the metamodel could be
omitted from the input DoV. This selection could be done offline,
automatically deploying an optimization approach similar to that
presented by Hällqvist et al. in [43].

VIII. Conclusions

Two metrics of predictive capability have been proposed: the
coverage-based predictive capability (CPC) and the entropy-based
predictive capability (EPC). Both these metrics fulfill the gathered
requirements deemed as relevant within the presented context. The
metrics are developed to be intuitive, general, and easy to use. There
are no subjective calibration parameters introduced in the CPC
metric. Furthermore, the parameters introduced in the EPC metric
are connected to the characteristics of the validation activities, via the
dimensionality of the problem and the variation coefficient of the
total error, avoiding the introduction of calibration parameters also in
this metric.
Two different implementations of the metrics, with different pur-

poses, have been realized and evaluated: one Python implementation
and one Modelica implementation. The Python implementation is
intended to provide offline feedback on model predictive capability
in a framework for automated model and simulator validation,
whereas the Modelica implementation is to provide online feedback,
during simulation, on simulation result credibility.
Both implementations objectively exploit results from conducted

validation experiments. Together, they provide general means for
assessing and communicating predictive capability, and in the end
credibility, of many M&S applications exploited in aircraft vehicle
system development. This chain of events has been demonstrated in
an industrially relevant example exploiting validation results from
aircraft in situ measurements.
The benefits of exploiting the three standards in focus are made

evident by the use-cases evaluated in the paper. The work illustrates
how deployed metamodels can be managed via the SSP and FMI
standards. These standards enable the flexibility needed in the cred-
ibility assessment methodology along with the mechanisms for
efficient configuration management of M&S applications. The
option of excluding metamodels in particular applications, e.g., with
harsh requirements on computational speed, is greatly simplified
using these standards without compromising the managerial aspects,
related to, e.g., traceability and configuration management, of the
overall credibility assessment. Furthermore, developing themetamo-
del in the standardized Modelica language introduces an additional
layer of flexibility via the portability of the language. Metamodels
can as a result bemaintained directly in a portable language, with tool
support in themost favorableModelica tool, which is frequently used
for hardware modeling at Saab Aeronautics.

Appendix: Derivation of Relative Entropy

A.1. Gaussian Distribution Relative to a Uniform
Distribution

Let x be a random variable such that x ∼ U�xmin; xmax� a priori and
x ∼ N�μ2; σ2� posteriori. The PDF of a uniformly distributed random
variable is
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q�x� �
8<
:

1

Δx
∶x ∈ �xmin; xmax�

0 ∶xmax < x < xmin

(A1)

where Δx � xmax − xmin. The posteriori Gaussian PDF is given by
Eq. (A5).
The relative entropy for the random variable x can be expressed as

Hrel �
Z �

−logb�σ2
������
2π

p
� − logbe�x − μ2�2

2σ22
� logbΔx

	
p�x� dx

(A2)

if the presented PDFs are inserted into Eq. (2). Analogously to the
step resulting in Eq. (A7), Eq. (A2) can be written as

Hrel � E

�
−logb�σ2

������
2π

p
� − logbe�x − μ2�2

2σ22
� logbΔx



(A3)

which simplifies to

Hrel � −logb
�
σ2

��������
2πe

p

Δx

�
(A4)

which is in line with the results, even though a different approach to
the derivation is taken, of Shannon [13].

A.2. Derivation of Relative Entropy: Two Gaussian
Distributions Relative to

One and Another

Let x be a random variable such that x ∼ N�μ1; σ1� a priori and x ∼
N�μ2; σ2� posteriori. The PDF of a normally distributed random
variable is

f�x� � 1

σ
������
2π

p e−1∕2
�
x−μ
σ

�
2

(A5)

and inserting Eq. (A6) into Eq. (2), along with the a priori and
posteriori distribution characteristics of x, results in

Hrel �
Z �

logb
σ1
σ2

� logbe

2

��
x − μ1
σ1

	
2

−
�
x − μ2
σ2

	
2
�	

p�x� dx
(A6)

Equation (A6) can be simplified to

Hrel � E2

�
logb

σ1
σ2

� logb e

2

��
x − μ1
σ1

	
2

−
�
x − μ2
σ2

	�

(A7)

as Efzg � ∫ zp�z�. The subscript of the expectation in Eq. (A7)
denotes the expectation with respect to the posteriori PDF. Further
simplifying Eq. (A7) yields

Hrel � logb
σ2
σ1

� logbe

2σ21
E2f�x − μ1�2g �

logbe

2σ22
E2f�x − μ2�2g

(A8)

where the second quadratic term is the variance of x with respect to
the posteriori distribution, E2f�x − μ2�2g � σ22. Realizing that
�x − μ1�2 � �x − μ2�2 � 2�x − μ2��μ2 − μ1� � �μ2 − μ1�2 and re-
writing Eq. (A8) to

Hrel � logb
σ2
σ1

−
logb e

2
� logb�σ22 � �μ2 − μ1�2�

2σ21
(A9)

yields an expression for the relative entropy as function of the
distribution properties σ1, μ1, σ2, and μ2.
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